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The rate of secondary nucleation of ice, assumed to be proportional to 
the product of collision frequency and impact energy, has been quantita- 
tively modeled using idealized representations of collisions between crystals 
and either other crystals or surfaces in the crystallizer. The crystal-crystal- 
lizer collisions were assumed to be driven by either steady or turbulent 
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good approximation the experimentally determined dependence of the sec- 
ondary nucleation of ice on crystal size, ice concentration, and agitation 
power. 
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SCOPE 
In many practical crystallizers the nucleation rate is 

dominated by interaction of crystals with their environ- 
ment, that is, by secondary nucleation processes. Sec- 
ondary nucleation is poorly understood and heavy reli- 
ance has been placed on empirical correlations of nuclea- 
tion kinetics, Without a fundamental understanding of 
the processes governing secondary nucleation, the form 
of the function that can best correlate experimental results 
cannot be well established. Hence there is no sound basis 
for extrapolating results from one set of experimental con- 
ditions to others. As examples of the wide choice of func- 
tions available to correlate secondary nucleation, simplistic 
models based on the assumptions that secondary nucleation 
is proportional to the number of crystals, crystal perimeter, 
area, or mass would suggest that the nucleation rate should 
be proportional to the zeroth, first, second, or third 
moment of the crystal size distribution, that is, 

N = a,+,, 

where N is the nucleation rate and p, the nth moment of 
the crystal size distribution. Other models of crystalliza- 
tion involve collision of crystals with each other, in which 
case the nucleation rates would be expected to be pro- 
portional to the square of the moments of the particle 
size distribution. Little can be said about which moments 

should be used without a statement of mechanism. Addi- 
tional motivation for developing mechanistic models of 
secondary nucleation is provided by the need to deter- 
mine the dependence of nucleation rate on design param- 
eters such as agitation rate, scale of equipment, etc. 

In a previous paper (Evans et al., 1974), it has been 
shown that the factors influencing crystal surface mor- 
phology can be separated from those influencing collisions. 
In this paper, following leads provided by Clontz and 
McCabe (1971) and Ottenj and co-workers (1972, 1973), 
this concept is extended. Expressions are derived for the 
kinetics of secondary nucleation under the assumption 
that the rate of nucleation is proportional to collision 
frequency and collision energy for each of four idealized 
collision mechanisms. These include (1) collision of crys- 
tals with an impeller as the crystals are swept by the 
impeller in steady flow, (2) collision between crystals in 
a turbulent flow field and various surfaces in the crystal- 
lization, (3) collision between crystals as a consequence 
of differences in their terminal velocities, (4) collision be- 
tween crystals driven by turbulent eddy motion. The 
results of the analysis are found to describe adequately 
the kinetics of the secondary nucleation of ice. The theory 
provides a basis for extracting from limited experimental 
data generalized expressions for the kinetics of secondary 
nucleation useful for the design of continuous crystallizers. 

CONCLUSIONS AND SIGNIFICANCE 
Consideration of idealized models has identified four 

terms that can contribute significantly to secondary nurlea- 
tion, at least for the crystallization of ice in a mechan- 
ically driven continuous crystallizer: (1) The contribution 
to the nucleation rate by crystals colliding with an im- 
peller is proportional to the power input, the square root 
of the impeller diameter, and the 2.5th power of the 
mean crystal size. (2) The contribution of crystals driven 
into collisions with surfaces by turbulent motion is pro- 
portional to the power input, and the 3rd power of the 
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mean crystal size. (3) The contribution by collisions be- 
tween crystals whose relative motion is governed by 
gravitational forces is proportional to the mass concentra- 
tion of crystals and the mean crystal size raised to the 
5.42 power. (4) The contribution by collision between 
crystals driven together by turbulent eddies is propor- 
tional to the power input, the mass concentration of the 
crystals, and the mean crystal size raised to the 3rd 
power. 

The models have been tested against the experimental 
results of Evans et al. (1974). The experimental results 
for ice at low concentrations could be correlated equally 
well by either of the first two terms and the effect on 
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the nucleation rate of adding polyethylene beads of dif- 
ferent size could be best correlated by functional relations 
similar to 3 and 4 but with a dependence on mean crys- 
tal size and power input intermediate to those presented 
by the two limiting physical models. Judged by their 
success in correlating ice nucleation data, these idealized 

mechanistic models provide a major advance in placing 
the correlations of secondary nucleation on a rational 
basis. The models provide a means of extrapolating ex- 
perimental results to conditions where shifts in the rela- 
tive contributions of the different mechanisms could have 
a profound influence on the nucleation rate predicted. 

Rates of secondary nucleation are complex and poorly 
understood functions of the processes that govern both 
crystal growth and the forces that cause the shedding of 
nuclei. Hecent developments that have facilitated a partial 
modeling of the kinetics of secondary nucleation in agitated 
crystallizers include the demonstration that the processes 
of growth and removal of nuclei can be uncoupled, at 
least for the nucleation of ice crystals (Evans et al., 1974), 
the establishment that the number of secondary nuclei pro- 
duced on the impact of a crystal is proportional to the im- 
pact energy (Clontz and McCabe, 1971), and the correla- 
tion of impact energy in an agitated crystallizer with de- 
sign and operating variables (Ottens and co-workers, 1972, 
1973). These developments are exploited in this paper in 
order to generate quantitative models of those components 
of secondary nucleation that are attributable to crystal 
collisions. The secondary nucleation rates predicted by the 
models are tested by comparisons with nucleation data on 
ice for which the separate contributions of crystal-surface 
and crystal-crystal collisions were identified by the judi- 
cious variation of surface coating and crystal concentration 
(Evans et al., 1974). 

It is necessary to first define the forces that are responsi- 
ble for secondary nucleation. Based on the results of Clontz 
and McCabe (1971) it will be assumed that the number 
of nuclei per collision is proportional to collision energy. 
It is recognized that Clontz's experiments do not com- 
pletely define collision energy to be the driving force for 
secodary nucleation. For example, it has not been estab- 
lished whether the rate at which the energy is imparted to 
a crystal, by a large force of short duration or a smaller 
force of longer duration, influences the number of nuclei 
shed. The methodology developed in this paper can, how- 
ever, readily admit different driving forces if new experi- 
mental or theoretical evidence suggests that this is war- 
ranted. 

The rate of nucleation is then proportional to the rate 
of energy transfer to crystals by collision ( E t ) ,  which is 
equal to the product of collision energy E ( r )  and fre- 
quency of collision o ( r )  of crystals in the size range r to 
r + dr integrated over the particle size distribution, or 

The number of crystals S generated per unit collision 
energy is governed by the surface morphology and is ex- 
pected to be a function of the parameters which control 
surface growth, including, in the case of ice: subcooling 
AT, salt concentration c, and, to a lesser extent, crystal size 
r, and agitation power P/Vc. The nucleation rate is then 
given by 

N = S(AT, c, P/V,  r,  . . . ) E t  (2) 
or 

N = S(AT, c, P/V,, r, . . .) i" o ( r )  E ( r )  f ( r ) d r  (3)  

Although the value of S must be established empirically, 
the uncoupling of the processes governing the growth of 
potential nuclei from the removal processes provides a 
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means of quantitatively taking into account the effect of 
changes in design and operation that influence E t .  It 
should be noted that S accounts for all the effects of sub- 
cooling and salt concentration on secondary nucleation, 
neglecting second-order effects due to changes in physical 
properties which may influence Et. It will also be shown 
that E t  accounts for most of the effects of crystal size and 
agitation power on secondary nucleation, thus permitting 
the conclusions derived on the effects of these variables 
for one salt solution to be applied to another. The empha- 
sis in the subsequent sections will be on the calculation 
of 8,. 

CRYSTAL-CRYSTALLIZER COLLISIONS 

The relative motion between crystals and surfaces neces- 
sary for collision is attributable either to the action of tur- 
bulent eddies or to the large-scale circulation induced by 
the impeller. Although the two factors act together, they 
will be considered separately in order to simplify the anal- 
ysis. Collisions driven by the circulation in a crystallizer 
are mainly with the impeller (Evans et al., 1974) and the 
analysis will therefore be further simplified by focusing 
on this source of secondary nucleation. The method of 
analysis, however, is general and may be applied to the 
prediction of secondary nucleation contributed by crystal 
collisions with baffles and with impellers of configuration 
other than that treated here. 

Collisions Driven by Bulk Motion 

The value of Et contributed by collisions of crystals with 
the impeller will be proportional to collision frequency, 
dependent on circulation time (VJQ) and efficiency of 
collection ( v p ) ,  and kinetic energy at impact. The effi- 
ciency of collection and collision energy were obtained by 
the numerical simulation of the trajectory of the particles 
past the segments of the impeller. Several simplifications 
were introduced ( 1)  blade element theory (O'Brien, 1962) 
was used to approximate the three-dimensional flow near 
the impeller by two-dimensional flow past the blade ele- 
ments with allowance for variation in velocity with distance 
from the axis, (2 )  the potential flow solution for the flow 
past the blade elements was utilized in most of the calcu- 
lations; for a few cases allowance was made for a bound- 
ary layer, (3)  the particle trajectories were calculated 
using different approximations, first assuming the particles 
followed the streamlines, then including allowance for the 
viscous forces, pressure area forces, and the Basset forces 
(Hinze, 1959), ( 4 )  the approach of a particle to within a 
particle radius of the blade element was counted as a colli- 
sion. The detailed development of this model follows. 
Equation (1)  may be rewritten as 

Utilization of Q = kN(2Ra)3, where k = 0.15ap (Broth- 
man et al., 1943) for the volumetric discharge rate of the 
marine propellor and blade element theory to approximate 
the flow past the impeller as that of a steady flow of fluid 
approaching an impeller element at a normalized radius 
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R’ with a velocity u- and at an angle a (see Figure l), 
yields 

where 

7 is the collection efficiency of the blade element, which 
is defined in terms of the line segment (ab)  . E is the square 
of the collision velocity normalized by u,  sin a (the veloc- 
ity of the fluid normal to the blade at long distances from 
the blade). 

Outside of the innermost integral, the form of Equation 
(5) is identical to that derived by Ottens et al. (1972) by 
qualitative reasoning. The important difference in Equa- 
tion (5) to that derived by Ottens is that this model yields 
a quantitati\.e value for Et  which can be compared with 
other mechanisms for collision. Also the innermost integral 
slightly affects the functional form of the equation for Et. 

The numerical solution for 7 and E for a marine propellor 
with a pitch of 1.5 (simulating the experiments by Evans, 
1973) could be correlated by 

7 = ( r /W)s  

e = 0.06 (W/r) 

It was assumed in determining these equations that the 
particles follow the streamlines. This is valid for particle 
parameters ( p f r 2 V , / W p )  less than 0.1, which is usually 
true for cases of interest here. Evans (1973) studied the 
particle dynamics for higher values of the particle parame- 
ter. Surprisingly, the product of 7 and E increases with in- 
creasing W or decreasing r.  An explanation for this un- 
expected result is that the collisions which make the 
greatest contribution to e occur at the tips of the blade 
element, at locations where the fluid is accelerating to 
round the tip and where crystals closest to the blade (small 
r/W) have the greatest velocity toward it. Allowance for 
a boundary layer and the pressure gradient forcing the 
lighter ice crystals away from the agitator blades had negli- 
gible effect on the product ~ e .  

Substitution of Equation (6) into Equation (5) yields 

A x i s  of t 

= 0.0043 (:) (-) k ( &) (Ra)”’ P2.5 (7)  

NPO 
The constants and exponents in Equation (7) are quan- 
titatively applicable only to the case in question, but they 
can be readily derived for impellers of different configura- 
tion and particles whose dynamics may differ from those 
of ice. 
Collisions Dr iven by Turbulence 

Considering the contribution to E t  by the collisions with 
the agitator and baffles of crystals following small-scale 
turbulent motion in their vicinity, it is assumed that: 

1. The crystals follow any turbulent eddy of size greater 
than themselves, but are uninfluenced by smaller eddies 

2. The number of crystals per unit volume is uniform 
through the crystallizer. 

Consider a particle a distance p from a surface (see 
Figure 2 ) .  Turbulent eddies with a characteristic scale 
greater than that of the particle are assumed to transport 
the particle with a velocity equal to the velocity of the 
eddy, over a distance (on the average) equal to the scale 
R. The rate of energy transferred to crystals by this mech- 
anism can be approximated by 

The innermost integral is over all eddy sizes which influ- 
ence the crystal and may induce a collision with the obsta- 
cle. The next integration is over the volume within which 
the crystal may lie. R, is the maximum eddy size which is 
turbulent relative to the obstacle; for a marine propellor it 
can be approximated by 

R, = W sina 

Crystals may travel in any direction depicted by the 
sphere in Figure 2, but only those which travel within a 
solid angle & will collide. The collision frequency is in- 
versely proportional to the time required for the crystal 
to traverse the distance to the obstacle. The collision veloc- 
ity is taken to be the component of velocity resolved nor- 
mal to the obstacle at impact. The mean square velocity of 
eddies in the size range R to R + d R  can be equated to 
E ( R ) d R ,  where E ( R )  is the turbulent energy spectrum 
approximated, within the universal equilibrium range 
(Hinze, 1959), 

E ( R )  = a ( P / M ) 2 ’ 3  (R)-”3 (9) 

By applying the above arguments, Equation (8) may 

Crystal of 
radius r 

t 
t 

r 

Fig. 1. Blade element. 
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Fig. 2. Schematic of crystal-crystallizer collisions driven by turbulence. 
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be rewritten as TABLE 1. COMPARISON OF MODELS FOR CRYSTAL- 
CRYSTALLIZER COLLISIONS 

Comparison with Experimental Results 
Two types of the experimental results presented by 

Evans (1973) can be used to test the models. The first is 
n, which is a measure of the dependence of the nucleation 
rate on crystal size. From the experimental results it was 
concluded that n was between 2 and 5 with the value of 
3 being most probable. The other experimental result 
sensitive to mechanism is the dependency of the nuclea- 
tion rate on the agitation power or the rotational speed of 
the agitator. The nucleation rate for ice (Brian et al., 
1974) is found to depend on P/V, to the 0.95 power for 
agitation powers greater than 560 J/m3s, if it is accepted 
that n equals 3, and if the growth rate is taken to be pro- 
portional to (P/V,) O.I5 (Brian et al., 1969). For collisions 
driven by bulk motion [see Equation (7) 1, the nucleation 
rate is predicted to be dependent on the 2.5th power of 
the crystal radius (n = 2.5)  and the first power of P/V,. 
For collisions driven by the turbulent motion, Equation 
(10) reveals that the nucleation rate is dependent on the 
first power of P/V, and n equals 3. 

Both models predict the experimental results equally 
well, and reinforce the statement made earlier that the 
dependence of S on r and P/V, is small. The small differ- 
ence between the functional form of the two mechanisms 
for secondary nucleation (bulk and turbulent motion) is 
not surprising since the major factor determining the de- 
pendency of the nucleation rate on the crystal size and the 
agitation power is the assumption that the physical driving 
force of removal is the collision energy, Equation ( 2 ) .  
Thus, the above agreement between theory and experiment 
does not distinguish between the fluid mechanical driving 
forces but verifies that the collision energy is the driving 
force for the removal of nuclei. 

It is possible, however, to determine which is the domi- 
nant mechanism producing collisions by comparing the 
calculated rate of total collision energy for the two models. 
For crystallizers which are geometrically similar to the ex- 
perimental, the ratio of the total rates of collision energy 
for collisions driven by the bulk flow to those driven by 
turbulence is presented in Table 1 for various ratios of 
the propellor radius (R,) to the average crystal radius 

It  was assumed in applying the turbulence model that 
the turbulent intensity was uniform throughout the crystal- 
lizer. In practice, the turbulent intensity in the region near 
the agitator may be greater than that in the bulk by factors 
of ten or more (Wadia, 1974). Thus, the ratios presented 
in Table 1 are possibly a factor of 10 or more too large. 
The ratios (R,/ 7 ) for the experimental system are in the 
range 102 to 103, and thus it is not possible to determine at 
this stage which driving force makes the major contribution 
to the nucleation rate. 

(7 ). 

CRYSTAL-CRYSTAL COLLISIONS 

Two models were developed to characterize the colli- 
sions of the crystals with each other. The first visualizes the 
crystals colliding as a result of the dependency of the 
terminal velocity due to gravity on the crystal size. As a 
consequence of their greater terminal velocity, the larger 
particles collide with the smaller crystals. The second 
model visualizes particle collisions driven by the turbu- 
lence within the agitated crystallizer. As before, it is as- 
sumed that crystals will follow any eddy of size greater 
than themselves but will not follow ail eddy of lesser size. 
Thus, smaller crystals will follow a greater range of eddy 
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103 
104 
105 

E t  (Bulk flow) - 
E t  (Turbulence ) 

2.2 
7.0 

22 
70 

sizes and collide with larger crystals. A corollary of the 
basic hypothesis is that the crystals will have motion rela- 
tive to each other and collide only if the crystals are of 
different size. 

Although the driving forces for these two models are 
different, the basic treatment is identical and therefore 
they wil! be developed here simultaneously. The starting 
point for this development is a modified form of the basic 
equation for & [Equation (1) ] 

(11) 
where q (TI, r,) f ( r l )  f ( r 2 )  dr1 dr, is the collision frequency 
per unit volume between crystals of size r1 to rl + drl and 
1'2 to r2 f dr2, and q ( r l ,  r2)  is the volume containing crys- 
tals of size rz with which a crystal of size TI  collides in a 
unit time 

4(rl ,  r.2) = r ( r 1  + r d 2  o(r1,  r2) 

The collision energy is the maximum kinetic energy which 
is converted to deformation energy during impact: 

For the case of collisions driven by gravity, it is assumed 
that the crystals travel at their terminal velocities. For 
most cases of practical interest, the Reynolds number of 
the crystal is in the regime where the drag coefficient is 
inversely proportional to the 0.6 power of the Reynolds 
number. Thus, the relative velocity can be expressed as 

Again the turbulent energy spectrum in the universal 
equilibrium range can be represented by Equation (9). 
z( R ) d R  is the mean square of the velocities of all eddies 
between the sizes R and R + cER; therefore, the mean 
square of the ve!ocities of all eddies between the sizes r l  
and r2 can be expressed by 

uz( l ' l ,  1'2) = - E ( R )  d~ = a ( ~ / ~ ) 2 / 3  lr1*/3 - r2"' i 
3 r- 

The component of Et contributed by collision between 
crystals driven by gravity is obtained by substituting the 
above relationship into Equation (11). The result is 

E, = K ,  f2(0); .104zim T g ( r 2 ' )  exp(- T;) dr; (12) 

tvhere 
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Similarly the component of kt contributed by collisions 

E t  = Kt (I”,) p ( 0 )  F8$,* T,(r,’) exp(- r2/) dr,’ 

driven by the turbulence is given by 

(13) 
where 

Kt  = 3.3 a3I2 (:) 
P a  

The above equations were derived for a continuous 
MSMPR crystallizer in which the particle size distribution 
is given by f(O)exp(-r‘), as would be  expected when 
nuclei are born at near zero size and the growth rate is 
independent of particle size. I t  should be noted that t,, ta 
T ,  and Tt are dimensionless functions independent of any 
design variable or physical parameter of the crystallizing 
system. 

In  Figure 3 t, exp( -r{) normalized by the maximum 
value of this function is plotted against rl’ for various 
values of r i .  Similarly T ,  exp( -r;) normalized by the 
maximum value of this function is plotted against r2’ in 
Figure 4. The corresponding plots for the case in which 
turbulent eddies drive the collisions are shown given in 
Figures 5 and 6. 

The functions t, exp( - rl’) and tt exp( - rl’) are most 
readily visualized in terms of an experimental situation in 
which particles of a single size r i  are added to the crystal- 
lizer in concentrations large relative to the concentration 
of crystals of all other sizes. For this situation, tg exp(- rl’) 
and tt exp( - rl’) represent the contribution to the overall 
nucleation rate of crystals of size rl’ colliding with the 
added particles. I t  may be seen from Figure 3 that when 

1.0 L n\ 

G rov i t y  

I I 

I 
I 2 1  I 6 7  

2 0  4 0  60 8 0  100 120 

r ’  2 

Fig. 4. Normalized T,  exp(-rn’) vs. 12’.  

Fig. 5. Normalized tt exp(--rl’) vs. rl’ for various rz’.  

Fig. 3. Normalized t ,  exp(-rl’) vs. rl ’  for various 12’. 
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the size of added particles is equal to the mean size of the 
other crystals, practically all the nucleation is due to colli- 
sions of the added particles with crystals of larger size. As 
the size of the added particles is increased to 2 < the col- 
lisions of the added particles with smaller crystals makes 
a noticeable but small contribution to the overall nucleation 
rate. This contribution is further increased by increasing 
the size of the added particles to 3;. When the size is in- 
creased to 6 ;, the major contribution to the overall nuclea- 
tion rate is the collisions with the smaller crystals, while 
collisions with the larger crystals make a minor contribu- 
tion. Finally for r2’ equal or greater than 97, secondary 
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Turbulence 

TABLE 2. COMPARISONS OF EXPERIMEKTAL RESULTS WITH 
PREDICTIONS OF NUCLEATION MODELS FOR CRYSTAL-CRYSTAL 

COLLISIONS 

r ’  
2 

Fig. 6. Normalized Tt exp(--rZ’) vs. rz’. 

nucleation is due principally to collisions between the 
added particles and smaller crystals. A similar phenome- 
non is observed in Figure 3 for collisions driven by 
turbulence. However, the shift with increasing r2/ in the 
importance of the collisions of added particles with larger 
crystals to those with smaller crystals is more gradual. 

A comparison of the figures for the two collision driv- 
ing forces shows that the two peaks are always closer to- 
gether for collisions driven by turbulence (that is best ob- 
served in the two plots for r2/ equals 3),  a consequence of 
the greater dependency of v ( r l ,  r2) on the difference be- 
tween T I  and r2 for gravity driven than turbulence driven 
collisions. 

The functions T ,  exp ( - r2’) and Tt exp ( - r / )  repre- 
sent the nucleation due to the collisions of the crystals of 
radius r2‘ with all other crystals in a continuous MSMPR 
crystallizer. T ,  exp ( - r2/) exhibits two peaks since major 
weight is given to collisions between crystals of widely 
differing size, that is, that of the smaller crystals with the 
larger crystals. Tt exp( - ~ 2 ’ )  has but one peak with a 
slight inflection point. 

Comparison with Experiment01 Results 

Four types of experimental results presented by Evans 
et al. (1974) can be used to test the nucleation models. 
The first is n or the experimentally measured dependency 
of the actual nucleation rate on the crystal size. From the 
experimental results it was concluded that n was between 
1 and 3 with the value of 2 being most probable. The sec- 
ond is the dependency of the nucleation rate on the agita- 
tion power. The dependence of nucleation rate on agita- 
tion power is inferred to be to the 0.6 power for an n of 
2 and a dependence of crystal growth rate on the 0.15 
power of P/V,. 

The remaining experiments deal with the dependency 
of the nucleation rate on the size of the added particles. 
Comparison of the nucleation rates with added particles 
with diameters of 0.3 and 0.9 mm showed a dependence 
of the nucleation rate on the fifth moment of the added 
particle size over this range. Nucleation rates were also 
measured with the addition of particles having a size dis- 
tribution matching that ex?ected in a continuous MSMPR 
crystallizer. Given the nucleation rate data for added parti- 
cles with diameters of 0.9 or 0.3 mm, it is possible to ex- 
ploit the models to predict the nucleation rate for a dis- 
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Gravity- Turbulence- 
Experi- driven driven 

Value compared ment collisions collisions 

n in Napn 2 1.8 2.1 

c in N a  ( P/V ) c  0.6 0 1.0 
s in  Ria (2 added 5 6 4 

(h expt simulating 

f (  added particles) 

partic1es)s 

- 0.71 1.37 
) cont MSMPR cryst 

cryst from ki expt 
for z= 0.3 mm 

cont MsMPR cryst ) 
N predict cont MSMPR 

cryst from h; expt 
for 2 = 0.9 mm 

- 0.87 0.37 

N predict cont MSMPR 

(G expt simulating 

tribution of particles simulating continuous MSMPR crys- 
tallizer operation. The experimental results are compared 
with the theoretical predictions in Table 2.  
The theories are in basic agreement with the experimental 
results. The comparisons which are most sensitive to the 
physical driving force which induces the collisions are the 
last four in Table 2. For all of these comparisons except 
the last, the experimental results are intermediate to those 
predicted by the two driving forces. 

In assessing the validity of the last three comparisons, 
consider Figures 3 and 5. These graphs represent the 
relative contribution of crystals of radius rl’ colliding with 
added particles of radius r{ to the overall nucleation rate. 
In the complementary experimental program (Evans, 
1973), the maximum size within the crystallizer in which 
the nucleation rate was measured was approximately 6 7. 
For r2 = 9 r (approximate case for h = 0.9 mm) , the col- 
lisions of the added particles with the crystals larger than 
6 ?- make a negligible contribution to the nucleation rate. 
While, for r2 = 37, collisions of the added particles with 
crystals larger than 6 ;  make a major contribution to the 
nucleation rate. Thus, when making the third comparison 
in Table 2,  it was essential to correct for a finite maximum 
crystal size. Unfortunately, since a batch crystallizer was 
employed experimentally, the maximum crystal varies with 
time. The calculation presented in Table 2 was crudely 
corrected by assuming a constant maximum crystal size 
of 67. A similar correction was made for the last two cal- 
culations. 

By comparing the total rate of collision energy pre- 
dicted for each of these models, it would also be possible 
to discern which driving force dominates. Two compari- 
sons will be performed here. First, a comparison will be 
made for the experimental case where particles of a single 
size were added to the crystallizer. The ratios of Et for the 
turbulence model to that for the gravity model are pre- 
sented in Table 3. Typical values of r a r e  in the range of 
0.05 to 0.10 mm and 2 / 2  in the range of 6.0 to 9.0. For 
these values the rate of total collision energy predicted 
by the turbulence model is approximately two orders of 
magnitude greater than those predicted by the gravity 
model. 

For an agitation power of 1000 J/m3s and ice, the ratio 
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TABLE 3. RELATIVE CONTRIBVTION OF TURBULENCE AND 
GRAVITY MODELS FOR EXPERIMENTAL SYSTEM 

P/Vc = 1000 J/m3s 

2/2 ;( mm ) 0.033 0.05 0.075 0.10 

1.0 2080 770 287 138 
3.0 2050 755 280 135 
6.0 1810 660 245 128 
9.0 618 223 85 48 

TABLE 4. RELATIVE CONTRIBUTIONS OF TURBULENCE AND 
GRAVITY FOR A CONTINUOUS MSMPR CRYSTALLIZER 

P/V, = 1000 J/m3s 

0.033 
0.10 
0.33 
1.00 

1,640 
111 

6.25 
0.42 

of kt for turbulence driven collisions to that for gravity 
driven collisions in a continuous MSMPR crystallizer is 
presented in Table 4. The conclusion to be drawn from 
this table is that, as the average crystal size is increased, 
the collisions driven by gravity become more important 
relative to those driven by turbulence. This can be ex- 
plained by the greater dependence of collision velocity on 
the difference between the sizes of two crystals for the 
gravity-driven collisions. As the average crystal size in- 
creases, the crystal size distribution becomes broader and 
the gravity-driven terms more important. 

COMPARISON OF THE MECHANISMS 

Theory versus Experiment 
The contributions of crystal-crystallizer and crystal- 

crystal collisions to the overall nucleation rate for an agita- 
tion power of 1000 J/m3s and 10% weight ice were pre- 
sented by Evans et al. (1974). The experimental ratio of 
the rates for these two mechanisms was 2.5. Since Et for 
crystal-crystallizer collisions is greater for collisions driven 
by the bulk motion and Et for crystal-crystal collisions is 
greater for collisions driven by turbulence, the resulting 
rates for these driving forces will be employed to determine 
a theoretical ratio of the mechanisms. The calculated ratio 
is 2.2. The agreement between theory and experiment is 
surprisingly good. This comparison is very sensitive to the 
physical driving force of the relevant collisions, and thus 
this agreement gives credence to the driving forces chosen 
to model these removal mechanisms. 

Design Equation 

by the following four-term design equation 
The models presented in this paper can be summarized 

(14) 
where the first term on the right is the nucleation due to 
crystals colliding with the crystallizer driven by the bulk 
flow, the second term is collisions with the crystallizer 
driven by turbulence. The third and fourth terms represent 
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crystal-crystal collisions driven by gravity and turbulence, 
respectively. 

In this design equation, the two terms for ays- 
tal-crystallizer collisions are dependent on P/V, to the 
first power. While for collisions of the crystals with one 
another, the rate constant is dependent on the first power 
for collisions driven by turbulence but is independent of 
P/V, for collisions driven by gravity. Thus, one would 
expect that the relative importance of crystal-crystal colli- 
sions driven by gravity will decrease with increasing agita- 
tion power. 

In a continuous MSMPR ice crystallizer, average crystal 
size increases with increased residence time. For crystal- 
crystallizer collisions, the power dependencies on the aver- 
age crystal size are 2.5 and 3.0, respectively, for the colli- 
sion driving forces of bulk flow and turbulence. While, for 
crystal-crystal collisions the power dependencies are 3.0 
for turbulence and 5.42 for gravity. Thus, it is expected 
that as the average residence time is increased, crystaI- 
crystal collisions driven by gravity will become more im- 
portant relative to the other mechanisms and collision driv- 
ing forces. 

All terms for the collision and removal driving forces 
are independent of the size of the crystallizer except for 
crystal-crystallizer collisions driven by the bulk motion. 
Since this term is dependent on the radius of the agitator 
to the half power, this removal and collision driving force 
should become more dominant with increasing equipment 
scale. 

Finally, for systems crystallizing other chemicals, crystal- 
crystal collisions driven by gravity are most sensitive to the 
density difference between the liquid and solid phases. 
Thus, it is expected that this removal mechanism and 
collision driving force will be more important in systems 
for which the difference in specific gravity between liquid 
and solid is large, 

NOTATION 

a = constant equals 1.436 (Grant et al., 196.2) 
A = area of obstacle 
c = salt concentration, Kg(sa1t) /Kg( total) 
d = diameter of added particles 

E = collision energy, J/collision 
2 = a/; 

E t  - 
E 
f 

k 
m 
M 
n 

nb 
N 

-. ~ 

= total rate of collision energy, J/m% 
= turbulent energy spectrum, m/s2 
= crystal frequency distribution, crystals/m4 
= acceleration due to gravity 
= function, defined after Equation (5) 
= discharge coefficient of the agitator 
= mass of crystal 
= total mass within the crystallizer 
= power dependency of the actual nucleation rate 

= number of blades per propellor 
= rotational speed of the agitator, cycles/s 

on the crystal radius 

- 

14 
Npo 
p 
P = agitation power, J/s 
P r ( p )  = probability of a crystal being a distance p from 

obstacle 
q ( rl, r2) = volume containing crystals of size r2 with which 

a crystal of size rl collides in a unit time, collision - 
m3/s (crystals)2 

= actual nucleation rate, nucIei/s m3 
= power number of the agitator 
= pitch of marine propellor 

Q 
r 
r 
TI, r2 = crystal radii for models of crystal-crystal collisions 
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= volumetric discharge rate of agitator 
= characteristic dimension of crystal, crystal radius 
= average crystal size, m 

- 



- -  
rl’, r2/ = rl /r ,  r2 / r  
R 

eddy 
R’ = R/% 
& = radius of propellor 
R, 

to obstacle 
S 

unit driving force 
t,, T ,  = functions defined after Equation (12) 
tt, Tt = functions defined after Equation (13) 
AT = solution subcooling 
u(rl,  r 2 )  = velocity of crystal radius rl relative to crystal 

radius r2 
0, = collision velocity 
0, 
V, = volume of crystallizer 
W 
r 

= propellor radial coordinate or radius of turbulent 

=maximum eddy size which is turbulent relative 

= characterizes crystal surface morphology, nuclei/ 

= velocity of fluid relative to blade element 

= half width of blade element 
= weight fraction of crystals, Kg (crystal) /Kg (total) 

Greek Letters 
= hydrodynamic angle 
= nucleation rate per crystal, nuclei/crystal - s . m3 
= square of collision velocity normalized with re- 

= square of collision velocity, m/s2 
= collection efficiency of blade element 
= collection efficiency of propellor 
= angle of propellor blade relative to the plane of 

the propellor 
= dynamic viscosity 

= JOm r “ f ( r )  dr 

spect to u,sinc~ 

p 
pf = density of fluid 
pl = density of crystal 
t$ 

+c = maximum solid angle 
w 

= distance of crystal from obstacle 

= solid angle for crystal colliding with obstacle 

= collision frequency, collision/crystal * s 

Subscripts 
b 

ct 
g 
t 
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Ex per i men ta I I nvest ig a t io n of PoIa r iza t ion 
Effects in Reverse Osmosis 

With a Mach-Zehnder interferometer, salt concentration profiles were 
measured in a reverse osmosis system under natural convection with the 
membrane in a vertical position. The measured concentration profiles com- 
pared favorably with those predicted theoretically as long as the motion 
remained laminar. At large distances from the leading edge, however, the 
flow developed a wavy pattern, especially for bulk salt concentrations in 
excess of 0.1 moles/liter. As expected, whenever this motion became espe- 
cially pronounced, the concentration of salt at the membrane surface was 
less and the production rate of fresh water greater than that predicted 
using the laminar analysis. 

A. R. JOHNSON 
Department of Chemical Engineering 

Stanford University 
Stanford, California 94305 

SCOPE 
One of the more promising techniques of desalination 

is the so-called “reverse osmosis” process, in which sep- 
aration is accomplished by applying sufficient pressure to 
a salt solution to force the water through a semipermeable 
membrane, that is, a membrane that will preferentially 
allow the passage of water molecules over salt ions. The 
process suffers from the fact, however, that as the water 
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